We show that the weak value of any observable in pre-and post-selected states can be expressed as the sum of the average of the observable in the pre-selected state and an anomalous part. We argue that at a fundamental level the anomalous nature of the weak values arises due to the interference between the postselected state and another quantum state which is orthogonal to the pre-selected state. This provides a necessary and sufficient condition for the anomalous nature of the weak value of a quantum observable. Furthermore, we prove that for two non-commuting observables the product of their anomalous parts cannot be arbitrarily large.
The concept of weak measurement and weak value have played a fundamental role in quantum theory since their inception. The idea was first introduced by AharonovAlbert-Vaidman [1] while investigating the properties of a quantum system in pre and post-selected ensembles. If the system is weakly coupled to an apparatus, then upon post-selection of the system onto a final state, the apparatus variable is shifted by the weak value. Unlike the usual quantum mechanical average of an observable, the weak value of an observable can have strange properties [2] . In general, the weak value can be a complex number and can be large. Moreover, it can take values outside the spectrum of the observable being measured. The concept of weak value is no more a theoretical prediction but has found numerous practical applications in recent years [3, 4, 5, 6, 7] . This provides us a new tool to look at complementary aspects of quantum quantum world [8, 9, 10, 11] .
Admittedly, the weak value of any observable can be anomalous, in the sense that it can take value beyond the expectation value the observable (either in the pre-selected or post-selected states). However, there is no physical explanation of the origin of the anomalous nature of the weak value and how precisely the weak value differs from the average value of the observable. In this note, we give a simple explanation of the origin of the anomalous nature of the weak value. First, we show that the weak value for an observable in any pre and post-selected states can be expressed as the sum of the average of the observable in the pre-selected state and an anomalous part. This explains how at a fundamental level, the anomalous weak value arises due to the interference of amplitudes for the post-selected state and another quantum state which is orthogonal to the pre-selected state. This gives us a necessary and sufficient condition for the weak value to be anomalous in nature. We provide a lower bound on the extent to which the weak value differs from the average value of the observable. Interestingly, we prove that for two non-commuting observables the product of the modulus of the anomalous part of their weak values cannot be arbitrarily large. This implies a new limitation on the preparation of pre-and post-selected quantum states. We also provide an upper bound on the difference between the real part of the weak value and the largest eigenvalue of the observable.
In the weak measurement formalism, we start a quantum system which is preselected in the state |ψ i = |ψ ∈ H S and an apparatus in the state |Φ ∈ H A . The weak measurement can be realized using the interaction between the system and the measurement apparatus which is governed by the interaction Hamiltonian
where f (t) is the strength of the interaction with f (t)dt = g, A is an observable of the system and M is that of the apparatus (often called meter variable). This is the von Neumann model of measurement when the coupling strength is arbitrary. But if g is small, then we can realize the weak measurement of an observable A of the system. The interaction Hamiltonian allows the initial state of the system and apparatus |ψ ⊗ |Φ to evolve as
After the weak interaction, we post-select the system in the state |φ with the postselection probability given by p = | φ|ψ | 2 (1 + 2gIm A w M ), where M = Φ|M |Φ and the weak value of A is given by
The effect of the weak interaction and post-selection is that at intermediate time between two strong measurements the apparatus state is subject to an effective Hamiltonian H = g A w M and the initial state of apparatus changes as
Now, using the Vaidman formula [12] we can express the action of the Hermitian operator A on the pre-selected state as
where A = ψ|A|ψ , ∆A is the uncertainty in the state |ψ , i.e., ∆A 2 = ψ|(A − A ) 2 |ψ and |ψ ∈H is a state orthogonal to |ψ . With this the weak value of an observable A can be expressed as
This shows that the weak value in any pre-and post-selected states can be expressed as the sum of the average of the observable in the pre-selected state and an anomalous part, where the anomalous part is defined as
The above formula is very important in understanding the anomalous nature of the weak value. Note that by the formalism of the weak measurement, φ|ψ = 0, though it can be very small in principle (small but finite). Otherwise, the success probability of the post-selection is zero, and we have nothing to talk about. By choosing small value of the overlap between the pre-and post-selected states one can make the weak value large, but this gives only a sufficient condition for the anomalous nature of the weak value. Even if φ|ψ is small, if φ|ψ = 0, we cannot have a weak value beyond the average of the observable. Therefore, to have a weak value that goes beyond the average of the observable, we must have nonzero uncertainty and non-zero value of φ|ψ . Also, it is not enough to have an uncertainty in A in the pre-selected state, but we should have the ability to produce an interference between |φ and |ψ . In quantum theory, two orthogonal states cannot interfere, and hence if φ|ψ is non-zero then they have the ability to interfere. Thus, two non-orthogonal states can interfere and when they are in phase, that will yield a maximum interference pattern. The 'in phase' criterion is due to Pancharatnam [13] which says that any two non-orthogonal vectors |ψ 1 and |ψ 2 are in phase if ψ 1 |ψ 2 is real and positive (non-zero). Therefore, when φ|ψ = 0, then the weak value will be equal to the average of the observable in the pre-selected state and it will be in the range of the eigenvalues of the observable A. Hence, the necessary and sufficient condition for the anomalous weak value of an observable is that the post-selected state and the state orthogonal to the pre-selected state should not be orthogonal and should interfere. It is the ability of these two states to interfere that leads to a weak value beyond the average value of the observable.
The average of an observable A in a quantum state |ψ can be expressed as an average of intermediate weak values. Note that by inserting a resolution of identity k |ψ k ψ k | = I we can write the average of A as
where
is the weak value corresponding to kth post-selection. It is interesting to see that even though each of these A
w is a complex number, still the average gives a real number. To understand the underlying mechanism, note that for each k, the weak value can be written as a sum of the average of A in the state |ψ and an anomalous part δ A (k) w = ∆A ψ k |ψ ψ k |ψ . Therefore, all these intermediate weak values do remain outside the range of the spectrum of the observable A. But then why we do not see their contributions? The answer is that the average interference turns out to be exactly equal to the overlap between two orthogonal states and we do not see the contributions of the anomalous parts of the intermediate weak values, i.e., precisely we have k | ψ|ψ k | 2 δ A (k) w = 0. Second, we can understand more deeply why the weak value is complex. Note that complex nature of the weak value comes solely from the second term. To see this clearly, we can express the real and imaginary parts of the weak value as
whereΦ is the relative phase difference between |φ and |ψ , and Φ is the relative phase difference between |φ and |ψ . This shows that not only it is the interference between the pre and post-selected states, but most importantly, it is the interference between the post-selected state and the orthogonal state to the pre-selected state which plays a crucial role in deciding the anomalous behaviour of the weak value. If (Φ − Φ) = nπ, with n being an integer, then Im A w = 0. This means, the weak value can be anomalous without being complex. If (Φ − Φ) is an odd multiple of π, then Re A w < λ min (A), where λ min (A) is lowest eigenvalue of A. This in turn implies that the real part of the weak value will be outside the spectrum of the observable. If (Φ − Φ) is an odd multiple of Now, we will show how much the weak value differs from the average of the corresponding observable. Using (6) and the Schwarz inequality, we have
Thus, the modulus of the anomalous part of the weak value |δ A w | = | A w − A | is bounded below by the quantum uncertainty in the observable and the overlap of the post-selected state and another state orthogonal to the pre-selected state. In fact, the anomalous part of the weak value satisfies the following inequality
Interestingly, if we have two non-commuting observables A and B, then one can have a tradeoff relation for the anomalous part of their weak values. Using the Robsertson uncertainty relation for two incompatible observables [14] we have
For two canonical conjugate observables like position and momentum of the system the product of their respective anomalous parts will satisfy
This shows that for two canonical pair of observables, for the same pre-and postselected ensemble, the anomalous part of their weak values cannot be arbitrarily large.
If the anomalous part of the weak value for the position observable is large, then correspondingly, the the anomalous part of the weak value for the momentum will be small. This imposes a new limitation on the preparation of pre-and post-selected quantum states. This can have practical applications. For example, if we aim to amplify small signals using weak values corresponding to two complementary observables then there will be a limitation. We cannot amplify both the signals at the same time.
We can also provide an upper bound on the difference between the real part of the weak value and the largest eigenvalue of the observable. First, note that the overlap between the pre and post-selected state can be made real. Given any pre and post-selected (PPS) ensemble { φ|, |ψ }, we can always define another PPS ensemble { φ|, |χ }, where |χ = ψ|φ | ψ|φ | |ψ with χ|φ as real. Since |ψ and |χ differs by an overall complex number of unit modulus, they are equivalent pre-selected quantum states, i.e., |ψ ∼ |χ . Hence, the weak value A w = φ|A|ψ φ|ψ = φ|A|χ φ|χ . With this equivalent PPS, we can express the weak value as
where |χ is orthogonal to |χ . From the above expression it is clear that the complex nature of the weak value arises solely from φ|χ . Therefore, if |φ and |χ are in phase then they will produce maximal interference. In that case, we will have A w real (though still it can be anomalous). Using the expression (14) and the fact that Re φ|χ ≤ | φ|χ |, we have
where λ max (A) is the largest eigenvalue of the observable. To conclude, we have shown that the weak value for an observable in any pre and post-selected states is the sum of the average of the observable in the pre-selected state and an anomalous part. We have argued that the anomalous weak value arises due to the interference of the amplitudes for the post-selected state and another states which is orthogonal to the pre-selected state. This provides a necessary and sufficient condition for the anomalous nature of the weak value. We have provided a lower bound for the difference between the weak value and the average value of the observable. This results in a new limitation on the anomalous part of the weak value. We have proved that for two non-commuting pair of observables, for the same pre-and post-selected ensemble, the anomalous part of their weak values cannot be arbitrarily large. Our result also sheds light on why in the classical world we cannot have the anomalous weak value.
In the classical world, unless we deal with waves directly, we do not have the notion of interference of different amplitudes. Thus, any classical model cannot have the ability to mimic the interference between the post-selected state and another state orthogonal to the pre-selected state, and hence no place for anomalous weak values.
